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» For numerical algorithms, it requires regularity assumptions of the exact
solutions to attain the desired convergence, e.g.,
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Introduction

Low regularity integrators

Convergence

Suppose the real solution u € H" "%, the numerical solution u™ satisfies

lu(tn) —u®|lar S 7%, a>0.

a—convergence rate; s—order of additional derivatives required.
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Introduction

The “good” Boussinesq (GB) equation

We consider the GB equation with periodic boundary conditions

2tt + Zezzx — Zrx — (Zz)xz =0, z¢c ’]r, t >0,
2(0,z) = ¢(z), 2:(0,z) = Y(z),

where the torus T = [—7, 7|, ¢(x) and ¢(x) are given initial data.

» propagation of dispersive shallow water waves;
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Introduction

The “good” Boussinesq (GB) equation

We consider the GB equation with periodic boundary conditions

Zi + Zyxxr — Rrx — (Zz)x:c S O, S ’]I‘, t> O,
2(0,z) = ¢(z), 2:(0,z) = Y(z),

where the torus T = [—7, 7|, ¢(x) and ¢(x) are given initial data.
» propagation of dispersive shallow water waves;
» small oscillations of nonlinear beams

» two-way propagation of water waves in a channel
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Introduction

Classical exponential integrator

2tt + Zexzz — Zox — (32)zz =0.
» Duhamel’s formula:
2 T
z(tn +7) = L(2(tn), 2¢(tn)) + \/ﬁ g sin <(‘r —5)y/0% — 8§> 22 (tn + s)ds

~ L(2(tn), 25 (tn)) + \/% /OT i (‘/a;L —82(r - s)) 22 (tn)ds

= L(2(tn), 2t (tn)) + 82 (1 — cos (n/@)) 22(tn),

sin( 7 492
where L(f, g) = cos (/0% — 032) f + %g

Noticing
2(tn + 8) — 2(tn) ~ $0:2(tn) ~ $Ozz2(tn),

hence two additional derivatives (in space) are required to promise the first-order
convergence. Similarly four additional derivatives are needed to obtain the

second-order convergence.

LREIs for GB equation with rough solutions
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Introduction

Classical exponential integrator

2tt + Zexzz — Zox — (32)zz =0.

» Duhamel’s formula:

2 a7
z(tn +7) = L(2(tn), 2¢(tn)) + \/ﬁ g sin <(‘r —5)y/0% — 8§> 22 (tn + s)ds

~ L(2(tn), 25 (tn)) + \/% /OT i (‘/a;L —82(r - s)) 22 (tn)ds

= La(tn),51(0n)) + 02 (1= cos (7/02 = 02) ) 200,
where L1(f,) = cos (3T —28) f + VLA,

Noticing
2(tn + 8) — 2(tn) ~ $0:2(tn) ~ $Ozz2(tn),

hence two additional derivatives (in space) are required to promise the first-order
convergence. Similarly four additional derivatives are needed to obtain the

second-order convergence.

Aim of this talk: decrease the order of additional derivatives requirement as much

as possible.
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Introduction

Preprocessing of the GB equation

» Homogenization for the GB equation (zero-mode): Fo(z¢t) = O Fo(z) =0 =
Fo(z) = at + b, where

a = Fo(z:(0,)) = /w(x z, b= Fo(z(0 /d)m)dx
Plugging z = Fo(z) + % into GB, denote (92) := /01 — 02 —

o+ (02)%% — (20t + 20) 2oz — (3)ea =0, €T, t>0,
2(0,z) = ¢(z) — b, Z:(0,2) = P(z) — a.
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Preprocessing of the GB equation

» Homogenization for the GB equation (zero-mode): Fo(z¢t) = O Fo(z) =0 =
Fo(z) = at + b, where

a = Fo(z:(0,)) = /w(x z, b= Fo(z(0 /d)m)dx
Plugging z = Fo(z) + % into GB, denote (92) := /01 — 02 —

o+ (02)%% — (20t + 20) 2oz — (3)ea =0, €T, t>0,
2(0,z) = ¢(z) — b, Z:(0,2) = P(z) — a.

» Equivalent first-order system: setting u = 2 — 4(92) '3, v = Z — i(02) "',

i0u = —(02)u+ B [%(u +9)2 + (at + b)(u + 17)} ,

iByw = —(02Yv + B B(a + )%+ (at + b)(@ + v)} ,

where B := (92)"'02. Noticing 2 € R = u = v, thus we get
i0ru = —(02)u + B H(u +@)? + (at + b)(u + a)} :

and 2 = $(u+71), % = £(02)(u —n).
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Introduction

Introduction of twisted variable

> Twisted variable: (82) ~ —82, w(t) = ¢'*%u(t), then
Y . 02 02 02 02 02
Ow = iAw — ie”aﬂ”B(eﬂtBZw + %)% — i(at + b)e" % B(e "= w + "%+ 1),

where A = (92) + 02, B = (02)7'02 are bounded. Hence

w(tn + 8) — w(tn) ~ sOw(tn) ~ s.
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Introduction

Introduction of twisted variable

» Twisted variable: (92) ~ —02, w(t) = ¢’ 0] u(t), then
Orw = tAw — ieitaﬂ%B(eﬂMZw +eé' 63@)2 —i(at + b)eitaiB(eﬂtaIw +e' 82@),
where A = (92) + 02, B = (02)7'02 are bounded. Hence
w(tn + 8) — w(tn) ~ sOw(tn) ~ s.

» Duhamel's formula:

iTA

(tn 4 7—) =e w(tn)

_ —B/ RICEDY 1(tn+s)ar(efmnﬂ)agw(t” +S>+ei(tn+s)6§w(t" +5))%ds

- zB/ _S)Aei<f’"+s)am la(tn + s) + b](e_i(t"'*'s)a%w(t” +s) + l(t"+§)8zﬁ(tn + s))ds
_ CiTAw(tn) _ i‘B /OT Ci(tn+s)ag (Cfi(tn#»s)agw(tn) 4 Ci(tn+s)agﬁ(tn))2ds

_iB /OT S+ (1 4 g) 4 b)(e iRt DT (1) 4 R OOT (1, VY ds + Ro(r2),

where we used ||(e® — 1) f|l» < [t[| ]|
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Introduction

Integral of the nonlinear interactions

» The approximation of u(t, + 7):
u(tn +7) = ei7<ag>u(tn) = iBT [Lg(u(tn)) + L1 (u(tn)) + 2L£(u(tn))]
—i7(atn, + b)B" (u(tn) + 1 (22'7'82 )ﬂ(tn)) + RQ(TQ),

where 1 (y) = fol eY®ds, and the operators are defined by

BT(f) = Be™ " f = (83) 'R0, LY(f) = / /0% (61422 )2 ds,

0

LI(f) _ / eisaz (efisag f)2d87 Lg(f) _ / eisﬁz |efi38£f|2d8'
0 0
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Introduction

Integral of the nonlinear interactions

» The approximation of u(t, + 7):

u(tn +7) = T u(tn) = 2B L3 (u(tn)) + L (u(tn)) + 205 (u(tn))]
—i7(atn, + b)B" (u(tn) + 1 (22'7'82 )ﬂ(tn)) + RQ(TQ),
where 1 (y) = fol eY®ds, and the operators are defined by

BT(f) = Be™ " f = (83) 'R0, LY(f) = / /0% (61422 )2 ds,

0
LI(f) _ / eisaz (efisag f)2d87 Lg(f) _ / eisﬁz |efi38£f|2d8'
0 0
» Exact integration for Ly and Lo for f with fo =0:
LT () = Z Z /7— e,is(k27k%7kg)dsfklszeikm
0

k kit+ko=k

o—2iThiky _ TR A ke
(zk,: k1+zk:2:k TMJFZ 2 /0 S)fklfk2e

k kitko=Fk
Ky #0,ko#0 k1=0 or kg=0

o—2iTh1ky _ 1

=Y Y S B = L[0T - R e R0 )
% kytkg=k —2ik1 ko 2
k1 #0,ko#0
C.Su (THU)
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Introduction

First-order schemes

» Calculation of the term L§(f):
=% 5 [ e st Fiet,
k kit+ko=k"0

where ® = k2 + k? + k2 = 2k% — 2k1ky = 2k3 + 2kk, = 2k? + 2kks.
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Introduction

First-order schemes

» Calculation of the term Lg(f):

L'r f) Z Z / —1s<1>dsfk1 sz ’

k ki+ko=k
where ® = k% + k% + k3 = 2k® — 2k1 ko = 2k3 + 2kk1 = 2k7 + 2kko.
» First-order scheme: u™*! = W7 (u™)
T ir(62 i T[T T T
Vi(f)=e @) f — ZB Uo (f) +L1(f) +2L2(f)]
—i7(at, + b)B” (f + wl(%rag)?),

where I is some approximation for L.
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Introduction

First-order schemes

» Calculation of the term Lg(f):

0= ¥ [ et tad, fuet,
k ki+ko=k
where ® = k® + kI + k3 = 2k* — 2k1ka = 2k5 + 2kky = 2k7 + 2kko.
» First-order scheme: u™*! = W7 (u™)
T _ T (8?%) i T[T T T
UI(f)=eT%/ f— ZB [Io(f)+L1(f)+2L2(f)]
—ir(at, + b)BT(f + wl(%rag)?),
where I is some approximation for L.

» Reconstruction of z:

1 _ ; -
7P = i(u” +u”) +at, +b, 2= %(83)(1/1 —um) + a.
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First-order exponential-type integrators

First-order scheme | (2019 A. Ostermann & C. Su NM)

» Approximate the term L (f): for ® = k* + k? + k% = 2k* — 2k ko,

BH= 3 /0 " e iasT, T,

k ki+ko=k
v . . . = 2 .
_ Z Z / (e—2zsk2 + 6*2“"'2 (62”1«11@ o 1)) dsfkl kaezkac
k kyi+ko=k"0
= 791(2i793)(F)? + P{ (f)-
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First-order exponential-type integrators

First-order scheme | (2019 A. Ostermann & C. Su NM)

» Approximate the term L (f): for ® = k* + k? + k% = 2k* — 2k ko,

BH= 3 /0 " e iasT, T,

k kit+ko=k

T e i, 33 = =
Z Z / (e—stk + 672Mk (GQ’LSk‘le o 1)) d'sfkl fk2ezkac
0

k ki+ko=k

T1(2i702)(F)? + P7 (f).

» Estimate of the remainder: by |e*® — 1| < |z|, z € R, =

IPF()|lr = (Z(l +l2)r) Z ?kl?]@ /T o—2isk? (eZiskikz _ 1)ds’2)1/2
leZ ky+ko=l 0
= = /
sP(Za+eyr (X Wikl 7))
l€Z k1+ko=l

S 72Hf||3+1, r>1/2.
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First-order scheme | (2019 A. Ostermann & C. Su NM)

» Approximate the term L (f): for ® = k* + k? + k% = 2k* — 2k ko,

BH= 3 /0 " e iasT, T,

k kit+ko=k

T e 5?55 = =
Z Z / (e—2zsk + 672mk (62”1«11@ o 1)) dsfkl kaezkac
0

k ki+ko=k

T91(26782) (F)* + PY (f)-
» Estimate of the remainder: by [e®® — 1| < |z|, z € R, =

IPF()|lr = (Z(l +l2)r) Z ?kl?]@ /‘r o—2isk? (eZiskikz _ 1)ds’2)1/2
leZ ky+ko=l 0
= = /
sP(Za+eyr (X Wikl 7))
l€Z k1+ko=l

S 72Hf||3+17 r>1/2.
» Convergence of Scheme | obtained by taking I = 741 (2i702)(f)*:

lu™ = ulta )|l <7, for r>1/2, we H .
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First-order exponential-type integrators

First-order scheme Il (2023 H. Li & C. Su IMA)

> Key relation of the Fourier coefficients (2022 Y. Wu & F. Yao MC):

ki + ko
k

=1, and & = 2k3+ 2kks = 2k} + 2kk.
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> Key relation of the Fourier coefficients (2022 Y. Wu & F. Yao MC):

ki + ko
k

=1, and & = 2k3+ 2kks = 2k} + 2kk.

> It suffices to consider the case for k # 0 since there is BT = (92)~192¢/7(9%)
before Lj.
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First-order exponential-type integrators

First-order scheme Il (2023 H. Li & C. Su IMA)

> Key relation of the Fourier coefficients (2022 Y. Wu & F. Yao MC):

ki + ko

=1, and b = 2k3 + 2kky = 2k5 + 2kko.

> It suffices to consider the case for k # 0 since there is BT = (92)~192¢/7(9%)
before L.

» Calculation of Li(f) with fo=o0:

Li(f) = FoLyN=>. > /OTe—is(k2+k%+k§)ds?kl?lweikz

k#0 ki +ko=k

OB D A O AELED DD DI A

k#0 ky+ko=Fk © k#0 k1 +ko=k
=T7 (f) + T3 (f)-

By symmetry, we have T7 (f) = T4 (f).

C. Su (THU) LRElIs for GB equation with rough solutions 6/July/2023 14 /20



First-order exponential-type integrators

Derivation

» Decomposition:

. . 2 . 2 . . 2 :
efz.sq) _ ef2zs(k2+k:k:1) _ 67215192 + ef2zskk1 1+ (67225162 _ 1)(6721516]61 _ 1)

C. Su (THU) LREIs for GB equation with rough solutions



First-order exponential-type integrators

Derivation

» Decomposition:

. . 2 .2 . .2 .
efz.sq) _ ef2zs(k2+k:k:1) _ 67215192 + ef2zsk:k1 1+ (67225162 _ 1)(6721516]61 _ 1)

» 77 (f) can be written as

" ; 2 2 a8 :
E/Te—le(k2+kkl)dsfk Ty ke
% Jo 17k

=2 >

k#£0 k1 +ko=k
k T ; 2 = = . k T
_ Z Z i e—215k2d5fklsze’l.kr + Z Z 1
k20 kythg=k F JO k20 kqtkp=k © 7O
ko #0 ko #0

k T PR oiakl ~ ~ s
+ Z Z 7“1 (eiz“k2 = 1) (e Zoatelen 1) dsfklflcze““t
k20 ky tRa=k ©° /0

(e—2iskk1 _ 1)d57k17k26ik1

= F{ (f) + F3 (f) + P3 (),

where F; and F5 can be integrated exactly

7

T =30, [0 D) (07| + 307 [(0:°T) 0.T))

FI () = =505 (7R (R + 200t () - vl | 0,77

C. Su (THU)
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First-order exponential-type integrators

Convergence of Scheme Il

» Applying Kato-Ponce inequalities, Hardy-Littlewood-Sobolev type inequality,
Sobolev embedding theorem, bilinear estimate, we are able to establish

. _ . 7
I1B5 (Dl S 721545, e 1/2,7/6) 1B (Dl S 72|\f|\$+§, r>s
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First-order exponential-type integrators

Convergence of Scheme Il

» Applying Kato-Ponce inequalities, Hardy-Littlewood-Sobolev type inequality,
Sobolev embedding theorem, bilinear estimate, we are able to establish

T Y T 7
1BE (Al ST 50 7€ (1/2,7/6) IPE(DI ST NIz 7> 6
» Convergence of Scheme Il obtained by taking Ij (f) = 2(FY (f) + F5 (f)): for
r>1/2, u € H P we have |[u(t,) — u"||- < 7, where
) = 5/4—r/2, 1/2<r<17/6
7 2/, r > 7/6.
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Convergence of Scheme Il

» Applying Kato-Ponce inequalities, Hardy-Littlewood-Sobolev type inequality,
Sobolev embedding theorem, bilinear estimate, we are able to establish

. _ . 7
I1B5 (Dl S 721545, e 1/2,7/6) 1B (Dl S 72||f|\3+§7 r>s

» Convergence of Scheme Il obtained by taking I (f) = 2(FY (f) + F5(f)): for
r>1/2, u€ H " we have ||[u(ty) — u"|» < 7, where

~

) 5/4—r/2, 1/2<r<7/6;
)=
! 2/3, r>17/6.
1
— Scheme 1
Z osesf Scheme IT|
£ oo
g 0.85
é 0.8
E 0.75
;:: O.7
0.65
0.5 a1 1.5 2 2.5 3

.

Figure 2: Additional order of regularity required to achieve the first-order accuracy.
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First-order exponential-type integrators

First-order scheme ll|

» Calculation of the term L{(f):

LT(f) = Z Z A eis(zklk272k2)d8?k1?k2eikz

k ki+ko=k

TZ Z 1 (iT(2k1 ko — 2k2))?k1?k28ikz.

k ki+ko=Fk
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First-order exponential-type integrators

First-order scheme ll|

» Calculation of the term L{(f):
LT(f) = Z Z /0 eis(zklk2—2k2)ds?kl?k2eikz

k ki+ko=k

= TZ Z 1 (iT(2k1 ko — 2k2))?k1?k28ikz.

k ki+ko=Fk

» Key approximation:

etTe _ 1

2

P1 (it(o + B)) — 91 (ita) 1 (i78) — (77 — 1)aha (i7B) + P1 (i7B)

. |04|1+“ w6, 6
< min 3l ™, 7 al” », pel0,1], 6 €]0,2].
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First-order exponential-type integrators

First-order scheme ll|

» Calculation of the term L{(f):

LT(f) = Z Z A eis(zklk2—2k2)ds?kl?k2eikz

k ki+ko=k
k ki+ko=Fk

» Key approximation:

etTe _ 1

W1 (ir(a + B)) = ¢ (i70) 1 (i78) = (7% = )¢z (i7B) + ———1 (i7B)
< { oo T“,T%\e} , wel,1], 6c[o2.
18]
» Convergence of Scheme Ill : for r > 1/2, u € H"™ (") we have

lu(ty,) — u™||» < 7, where
5/4—1/2,  1/2<r<5/2
p(r) = ¢ 0+, P = 5%
0, r>5/2.
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First-order exponential-type integrators

Convergence of all three first-order schemes

1 ‘
Scheme 1

= Scheme 11
=08 Scheme 11| |
[<5)
=
=
g 0.6 1
g
<
= 047 1
=]
=
=
= 02¢ 1
<

O L L

0.5 1 1.5 2 2.5 3

T

Figure 3: Additional derivatives required to promise the first-order convergence.
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First-order exponential-type integrators

Convergence of the first-order methods

Error in H3/4

Rough solution in H'/*

Rough solution in H*

‘ ‘ 1072 ‘
102
o1 gm0t ]
1073 T g
- Scheme 11] 10*
P — Scheme ——Scheme IIT
10 . 4 ——Scheme 1T J Scheme IT
PPl ——Scheme I . ——Scheme T
107 107 107 1073 1072 107
T T
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rst-order exponential-type integrators

Thank you!
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