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E(k) ⇠ Ch✏i2/3|k|�5/3

Inertial range
The energy cascades 

at a constant rate.

Good agreement with many experiments 
and simulations

Kaneda and Goto, 2002

Cascade phenomenon in turbulence

Kolmogorov’s Theory of Turbulence

Describe the cascade phenomena of the inviscid invariant (energy, enstrophy, etc.) 
in terms of solutions of a hydrodynamic equation.

乱流に関するノート, 13 December 2010：nawa

1 乱流とは，ある流れの場の集合（乱流のアンサンブル，数学的には時間に依存するベクトル場）の上に
定義された確率測度のことだとする，一様・等方・定常の乱流の理論は 1941年の Kolomogorov に始まる．
エネルギー散逸率非消失の仮定*1

〈ε〉 := lim inf
ν→0

ν‖∇u‖2 > 0 (1) Kol-A

のもとエネルギーカスケードに対する有名な k− 5
3 法則が導かれる：実空間では，２点間の速度差の p 次

モーメントの平均が２点の距離の p
3 乗に比例するという次の等式が導かれる：

〈∣∣u(x + h, t) − u(x, t)
∣∣p〉 = E

(∣∣Vx+h,t[u] − Vx,t[u]
∣∣p) = C (〈ε〉|h|)p/3 . (2) Kol-p

! 乱流のサンプル Ω := C([0, T ]; Γ(TT3)) の上に，a　一様・等方・定常性を記述する “確率測
度” があると仮定している（その建設が本来の目的である）．それに関する確率変数の期待値を
E を用いで表す．サンプルの上のもっとも基本的な確率変数が Vx,t である：

Vx,t : Ω −→ TxT3 ∼= R3

∈ ∈

u )−→ u(x, t) =: Vx,t(u).

期待値の物理での記号は，確率変数を介する事無く，単純に 〈·〉 である．数学での記号を用いれ
ば，一様・等方・定常とは，各々，

• 一様とは： ∀x, y ∈ M，
E[Vx,t] = E[Vy,t].

• 等方とは：∀f ∈ C ∪ L∞(Rd), ∃F ∈ C([0,∞)) ; F (0) = 0 s.t.

E[f(Vx,t − Vy,t)] = F (|x − y|).

• 定常とは： ∀h (> 0)，
　 E[Vx,t] = E[Vx,t+h].

となる，

a ３次元 flat torus T3 の上の時間に依存した (連続な) ベクトル場の部分集合が実質的に確率 1 となる．

速度差の p 次モーメントの期待値 (2) の成立は，現代のシミュレーションや実験では p = 2, 3 以外のでの
成立は疑問視されているが，（熱力学の理想気体のように）「理想乱流」というべきものを考えるには示唆的
であるかもしれない．実際，Onsager 予想とは，個別の流れの場の滑らかさは， 1

3 次ヘルダー連続性を越
えないとしているが，すべての p で上述の p

3 乗則 (2) が成り立てば，サンプルが 1
3 次のヘルダー連続性を

持つことが導かれる．*2　彼が，このような議論をしたのかどうかは明らかではないし，Kolmogorov のい

*1 なんら dynamics を仮定する事なく，時間に依存した流れの場（例えば３次元トーラス T3 上）に確率測度を定義しようとす
る場合，この Kolomogorov の仮定は謎である．粘性係数 ν は dynamics があってはじめて決まるものであろう．このこと
が，後の議論で Key になる．

*2 両辺を 1
p 乗して p → ∞ とする．定数 C は p に依らない普遍的な定数と考えられている．もし p に依存したとしても，確

率過程に対する Kolmogorov-Čentsov の定理により，Hölder 指数はいくらでも 1
3 に近く取れることが分かる：ξ ∈ R3 を

固定して {Vx+τξ,t[ · ] · ξ}τ>0 を τ に関する確率過程とみる．

1

The energy dissipation rate

The statistical law of the energy spectra

Energy is a conserved quantity for inviscid flows, but it 
suggests that the energy dissipates in the zero-viscous 
limit, suggesting a singular limit in fluid equations.



3D Euler equations

u(x, t) = � 1
4�

�
x� y

|x� y|3 ⇥ �(y, t)dy

(x, t) ⇥ R3 � R

Euler equations for the inviscid and incompressible flows:

Biot-Savart formula:

The quadratic term �⇥u is rewritten by an operator form
D(�)�, in which the symmetric part of the matrix ⇥u.

D =
1
2

�
⇥u + (⇥u)T

⇥

Thus we rewrite the Euler equation in a closed form of �:

D�

Dt
= D(�)�

u(x, t): velocity field !(x, t): vorticity field

D!

Dt
⌘ @!

@t
+ (u ·r)! = !ru, !(x, 0) = !0(x) = r⇥ u0
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Constantin-Lax-Majda model

Properties of the operator D:
• It is a singular integral operator.

• It is represented by the convolution of � with a kernel
homogeneous of degree �3, the spacial dimension.

Hilbert transform: a 1D analogue of the operator D(�)

H(⇥) =
1
�

pv
� ⇥

�⇥

⇥(y)
x� y

dy.

The quadratic term H(�)� is a scalar 1-D analogue of
the vortex stretching term D(�)�.

⇥t� = H(�)�

Constantin-Lax-Majda (CLM) equation (1985):

P. Constantin, P. D. Lax, and A. Majda. Comm. Pure Appl. Math., Vol. 38, No. 6, pp. 715–724, 1985.



gCLMG model (Okamoto, S-, Wunsch)

(DeGregorio 1990, 1996; Okamoto, S-, Wunsch 2008,2014)

Generalized Constantin-Lax-Majda-DeGregorio equation (gCLMG eq.)

+ Periodic Boundary Condition

⇤t� + av�x � vx� = 0, vx = H!
<latexit sha1_base64="n9XvoPww7RQjdBupP9KPPMDE+ec="></latexit>

a 2 R
<latexit sha1_base64="4iTmq6dIVUSwFbuYVRjSOf/CEf0="></latexit>

H. Okamoto, T. Sakajo, and M. Wunsch. Nonlinearity, Vol. 21, pp. 2447–2461, 2008. 

Advection term Vortex stretching term

Function spaces:

L2(S1)/R =
⇥

f

���� f ⇤ L2(��, �),
⌥ �

��
f(x)dx = 0

⇤
,

Hk(S1)/R =

⌅
f

����� f =
⇥⌃

n=1

(an cos nx + bn sin nx),
⇥⌃

n=1

(a2
n + b2

n)n2k <⇥
⇧

,



Existence of a unique solution

Theorem (OSW, 2008) Suppose that !(·, 0) 2 H
1(S1)/R, that solution exist

in [0, T ), and that Z T

0
kH!(·, t)kL1dt < 1.

Then the solution exists in 0 < t < T + � for some � > 0.

Existence of a unique local solution

A criterion for global existence

・It is relevant to Beale-Kato-Majda criterion for the 3D Euler eqs. 
・It is difficult to prove the criterion for the local solution.

Theorem (OSW, 2008) Let a 2 R be given. For all !0 2 H(S1)/R, there
exists a T depending on a and k!0,xkL2 such that a unique solution

! 2 C
0([0, T ];H1(S1)/R) \ C

1([0, T ];L2(S1)/R)

exists with !(x, 0) = !0(x)



Blow-up or global existence? & Invariant quantity

Conjecture (OSW, 2014) There exists an 0 < ac < 1 such that solutions to
gDG eq. exist global in time if ac < a <1 (or ac 5 a <1) and that blow-up
occurs if a 5 ac (or a < ac).
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Proposition (OSW, 2008) If �1 < a < �1, then k!(·, t)kLp = k!0(·)kLp ,
where a = �p.

Existence of inviscisd invariant quantity



Existence of global solution

Theorem (OSW, 2008) Suppose that !(·, 0) 2 H
1(S1)/R, that solution exist

in [0, T ), and that Z T

0
kH!(·, t)kL1dt < 1.

Then the solution exists in 0 < t < T + � for some � > 0.

cf. Beale-Kato-Majda criterion for the 3D Euler eqs.A criterion for global existence

Conjecture (OSW, 2014) There exists an 0 < ac < 1 such that solutions to
gDG eq. exist global in time if ac < a <1 (or ac 5 a <1) and that blow-up
occurs if a 5 ac (or a < ac).

Proposition (OSW, 2008) If �1 < a < �1, then k!(·, t)kLp = k!0(·)kLp ,
where a = �p.

Existence of inviscisd invariant quantity



A hydrodynamic model for turbulence

Viscous term + Random forcing ⌫: the (model) viscous coe�cient

@t! + av!x � vx! = ⌫!xx + f, ⌫ > 0
Two Choices of random forcing



SPDE: Evolution of a solution (a=-2)

!(x, t)

H!(x, t)

v(x, t)

L2 norm is statistically stationary
Appearance/disappearance  of 
moving sharp spikes 
(singularities)
Check if the scaling laws of 
enstrophy cascade is observed

T. Matsumoto and T. Sakajo. Phys Rev E, Vol. 93, p. 053101, 2016. 

⌫1 = 2.5⇥ 10�5



SPDE: Energy (Time averaged)
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|û(k, t)|2

 The inertial range appears and it expands as ν→0.
 A deviation from k-3 (cf. Kraichnan-Leith-Batchelor theory)

2D enstrophy cascade turbulence, soap-
film experiments (Tran et al. 2012)⌫1 = 2.5⇥ 10�5



SPDE: Enstrophy flux
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👍   A plateau region (constant enstrophy flux) is observed.
👍   Numerical evidence of enstrophy cascade.
(NG) It is difficult to compute higher-order statistics for SPDE
(NG) Mathematical analysis is not easy. (Existence of invariant measure, 2023)

2D enstrophy cascade turbulence, 

Simulation Chen et al. 2003:

T. Matsumoto & T. Sakajo, PRE 2016



RPDE: random gCLMG eq (S.-, Tsuji ’23)

The gCLMG equation with random forcing  function on a probability space

Function space:

Purpose:

Y. Tsuji and T. Sakajo. Nonlinearity to be published, 2023



Definitions of solutions



Mathematical Results
□ Existence of a unique mild solution

□ Continuity of solution with respect to the initial data and the forcing

□ A priori estimate (the solution remains bounded)



Mathematical Results

□ Existence of a unique global solution

□ Existence of a unique global stochastic process

We are going to compute the stochastic process numerically to observe its 
statistical properties.



Galerkin approximation

The Galerkin approximation (the gPC expansion)

Random variable 

←Fourier series
←Orthogonal  
    polynomials



Computation of Averages

The gPC expansion of the solution

The average of the solution

The average of the enstrophy spectra

The average of the p-th moment

A single numerical computation yields the statistical property of the distribution!



Evolution of  the average
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The evolution

Close-up near the pulse



Average of Solutions for various ν
(a) (b)

(c) (d)
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Energy and enstrophy spectra

(a) (b)
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Good agreement with the scaling laws of the energy spectra for SPDE



Structure Functions

Structure function

Dimensional analysis

Structure functions for the gCLMG equation

Local p-th order structure function:

<latexit sha1_base64="Je0kl1ecxNVLKAHk3+AsscjcU+I="></latexit>

Sp[!](r) = Ex[Sp[!](Ts, ·, r)]

=

Z 2⇡

0
Sp[!](Ts, x, r)dx ⇡ 2⇡

N

N�1X

n=0

Sp[!](Ts, xn, r),

• The steady distribution
• The pulse center wonders uniformly

The p-th order structure function:

↑3D turbulence : isotropic, homogeneous, statistically steady 



Structure Functions
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The scaling laws deviate from the dimensional analysis, showing intermittency



Intermittency and singular limit

Theorem by Fricsch U. Frisch. Turbulence. The Legacy of A. N. Kolmogorov. Cambridge University Press, 1996. 

The numerical computation indicates that … The vorticity function diverges as ν→0.

+The inertial range expands -0.4
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The gCLMDG equation is an interesting one-dimensional mathematical model 
bringing us useful insights into the balance of nonlinear and linear terms in fluid 
equations, providing a one-dimensional hydrodynamic model for “turbulent” flow 
with the cascade of inviscid invariants.

SPDE: The turbulent flow is generated by a randomly moving pulse with sharp 
peaks, yielding the cascade of the enstrophy (the inviscid conserved quantity).

RPDE: We have shown mathematically the existence of a stochastic process that is 
defined from the global solution to the gCLMG equation with uniformly distributed 
random forcing.

Numerical computations of the stochastic process indicate the existence of a steady 
distribution of solutions with the enstrophy and energy cascades relevant to the pulse 
turbulence. We find the statistical laws of the structure functions with intermittency.

Future work: Mathematical analysis of the steady distribution.

Summary
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