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Superfluid 4He
T~ 2K
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Picture from: Low Temperature Laboratory,
Aalto University webpage

Landau-Tiszla description of superfluid helium

Superfluids

They have no viscosity !
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\-

Two immiscible fluids:
+normal (viscous) fluid of density p,_
+superfluid of density p,

P = PnTPs
P = p,v, + pyV;

~

.

Kapitsa, Allen and Misener, 1937

Relative density

Temperature (K)

Today’s talk



Length scales of superfluid turbulence

energy inter-vortex coherence length
Injection , : i vortex core size
njee Classical (Kolmogorov) distance Kelvin wag(e cascade cound
-5 : ~ A
turbulence ~ 10" m vortex reconnections emission

Injection of
Cncrgy =

Heat flux: 200 mV ,‘,'Cm;
Dnft ime: 40 ms

helium

single shot

SHREK (France)

gl Wei Guo’s group
Experiments: Maurer et al. (1998), Salort et al. (2010), Tang et al. (2021), ...
Simulations in GP: Nore et al. (1997), Kobayashi et al. (2005), ... G. Bewley et al. Nature 2006.

Simulations in vortex-filament method: Baggaley et al. (2012), ...
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Quantum
vortices

Density

fluctuations

3D Gross-

Pitaevskii

. .
- N
e

3 - "
“.‘ ".~ ”*,.)‘ T 3

-
‘ , < N
‘c
. s
— >

-4 ) _.ﬂ\ - ’

-

s " . '
. AN ]
Muller, Krstt oV
102, 134513 (

P Rev. ¥
- -~ !



Quantum vortices and turbulence

At “zero-temperature’”, a superfluid has no viscosity
ompressible fluid (and dispersive)
escribed by a complex order parameter (wave function)
uantum vortices (filaments) are naturally present in turbulent states
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Numerical simulation of Gross-Pitaevskii (a.k.a NLS) Muller, Krstulovic
Phys. Rev. B 102, 134513 (2020)



Quantum vortices

Classical fluids

Superfluids
e .
vVv=——-230

| vortex core DTr
v-dteR F:jlgv-dﬁzn—
TN

Topological defects
Quantised circulation

£~ A (“He)
£ ~ pum ( BEC)

Finite core-size
Continuous circulation



Modeling superfluid helium

Multi-scale physics

Scales
) mean inter-vortex
vortex core size i
distance
g /

Temperature

Classical fluid (Navier-Stokes)



Modeling superfluid helium

Multi-scale physics

Scales
vortex core size mean inter-vortex
S ¢
T=0
3
Vortex filament
- & )
= Coupled Navier-Stokes
© and vortex filament
g_ method
E (FOUCAULT)
)
= L Hall-Vinen-Bekarevich-Khalatnikov
Projected Gross- i (HVBK)
PitaevsKii
- p
A G \ ...................................................................................................................

Classical fluid (Navier-Stokes)



Modeling superfluid helium

Multi-scale physics

Scales
vortex core size mean inter-vortex
distance
§ ¢
T=0
O
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Classical fluid (Navier-Stokes)



The Gross-Pitaevskii equation
Modelling low-temperature superfluids

718 " ViU + glv|*y
I — — ,
Y o 5

Linearising about a flat state: Y = Age iyt 0

Bogoliubov dispersion relation:

1 gl Ao|? h?
_ _€2].2 — 2 | 4
w (k) ck\/l +- 25 k w(k) \/ B k= A 4m2k .

\ 4 N

Speed of sound ¢ = +/g|Ap|2/m
Coherence length ¢ = \/h2/2m|Ap|2%g




Hydrodynamics?

Speed of sound ¢ = \/g|Ag|?/m
Coherence length ¢ = \/h2/2m|Ap|2%g

Madelung transformation

5x,8) = ) 2 e (g, ] = 2 e 200

m m V2c€
op
E+V (pV ¢)=0,
é)¢ 1 2 2 22A\/_
P (Vcb) =c*(1-p)+c°é T

density of particles \ Y,

2
= w v =V¢ isa potential flow



Quantum vortices

v = V¢ is a potential flow but:

_ . o+
Vortices are topological defects: {)(x) = O L= 7£ng de=¢" — ¢

h
I'=n— =n27V2ct, withn € Z
T

Points in 2D and lines in 3D

VN1—>V><VN5(I') e

T

w(x) =V X v = %755(}; _ s(z))dil(f) e




Quantum vortices

v = V¢ is a potential flow but:
I‘:%ng-d€:¢+—gb—
C

g Y,

Vortices are topological defects:)(x) = O

Gross-Pitaevskii model

I”

Collection of “ideal’” vortex filaments:

: Velocity field v = 0 -
Poin ¢ 4 ) 1 L B
C ® Core size & (small)

Euler equation + small-scale dispersion
regularisations

w(x) =V X v = %7{5(}: — S(é))dz(f) d/ N




Vortex filament method

At T =0
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Vorticity field o (x) ="' o(x — s({)) y
. G

Velocity field
V(X)=—L x—y) ><co(y)a’3y=—L X~ SE) xd—RdC
S 4 ) |x -yl dn Jo 1x=s(O)) 4

* ® Regularisation of Biot-Savart
SChwarz vortex dR(Z:, t) . Vs(R(C9 1)) <4 @ Ad-hoc reconnection rule
fllament method dt

Ad-hoc small-scale dissipation




Length scales o Today’s talk ance

energy inter-vortex coherence length
Injection , ' : vortex core size
Nlm Classical (Kolmogorov) distance Kelvin wave cascade O cound
~ 107 %m : ~ A .
turbulence vortex reconnections emission

I —e—, - — o
rd ™~ N
/ Py &~
/ / I:l' é,"“l‘ ‘
{ CIIC I’P}\{
( : T
g oo .h’
R 'l'._}’:g‘e-w
- g T
- — ‘3; i -
N\ —~ BRCAR
f \J \ / X T
)L/ :
— \_/.» \\‘--/ \ \ oy
YOO OOO O OO Tux of -
! ) PN e’ — - - S I1X Ol ,
LSO . B |
s B s eneroy
\ ‘ riy, ©00000000COAN0VOCIOD0OC
L3

GP and Navier-Stokes
turbulence equivalence
in 2D and 3D
(intermittency)

See ).I. Polanco and
N. P. Muller talks next week

SHRE

Experiments: Maurer et al. (1998), Salort et al. (2010), Tang et al. (2021), ...
Simulations in GP: Nore et al. (1997), Kobayashi et al. (2005), ... G. Bewley et al. Nature 2006.
Simulations in vortex-filament method: Baggaley et al. (2012), ...



Kelvin waves

XXI1IV. Vibrations of a Columnar Vortea.
By Sir WiLLiaM THOMSON*,

HIS is a case of fluid-motion, in which the stream-lines
are approximately circles, with their centres in one line

‘the axis of the vortex) and the velocities approximately con-
stant, and approximately equal at equal distances fromn the
axis. As a preliminary to treating it, it is convenient to ex-
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Sir William Thomson (1880) XXIV. Philosophical
Magazine Series 5, 10:61, 155-168,

Take the incompressible Euler’s equations
r CM(S)Q

gV

a(r)

# and p(r,0,z) = po(r) =po/

I’:;Iév-dﬁz%ra(r)
C

ds.

vo(r, 0, z) =
-

Kelvin Waves : v = v,+0v+...



Kelvin waves

ov(0, 7) ~ cos(kz)sin(nb — wt)

- —
27ra(2) K, (aplkl|)

b) Hollow vortex c) Hollow vortex
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Vortex excitations in superfluids (GP)

. P.H. Roberts. Proc. Royal Society of London A:(2003)
Hydrodynamics | , Small scales
k<K g E <L k
Qv (kao — 0) = ——k? (1n —2 Qo (k) — Q5 (kE — 00) = — — K
o ’ 4w ao\k| TE Y EE>1 B ATt
- m— 0.2
GP numerical () o)
simulations

0.1

¢ 0.0 -F U. Giuriato, G. Krstulovic

0.00 .25 and S. Nazarenko.
Phys. Rev. Research (2020)




Vortex excitations in superfluids (LIA)

Local IndUCEd Appl’OXimation (LIA) Da Rios, Rendiconti del Circolo Matematico
di Palermo (1906).

I

Uring = 3 R(log(R/ao) — d), d acore-dependent constant
70

- FAB_FA y
8_47TR _47TS s

Rl Hg Local

-, Small amplitudes Kelvin waves
curvature - ( S(Z, t) — X(z) t) 1 ZY(Z, t)
. — . 5HLIA FQA 828 FQA / 9
s = = . with Hpga = ——
AA “o )s* A Oz wit LIA = 5.
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0o 2 47




Kelvin-wave cascade

Vortex filament model

Biot-Savart description of a perturbed straight vortex

6(#/> s(z,t) = X(z,t) + 1Y (2, ¢t)

[Sonin 87 - Svistunov 95]

. H 1
\ ZFS(Z) — 0 *NL : HNL — —/ ™ Re 1) (22)] 2d21d22
N §5*(2) V(21 — 22)2 + [s(21) — s(z2),

Small amplitude waves:

s 2 HNL:ZCdk|Sk|2—|—H4—|—H6+

o, = ——k2(log (k) — A)
47




Yortex motion and Kelvin wave cascade

Kelvin waves

Helicoidal displacement of . .

vortex filament %
N = N &

X(z,t) +1Y(2,t) . | . %
1D dispersive non-linear A A ANV ;
wave dynamics | | | 12
.05 X X C
T : ; 8: — W) NL[Sk] \/\/\/\/\/\/\/\i\/\/\/\/\/\/\/\/ O

r . .

Wk~ Ekz (log k& + c)

energy dissipation
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Wave turbulence predictions

HNL — Zwk|sk|2 —|—>§<—|— H@ -+ .

non-resonant

Kozik-Svistunov (2004) : L'vov-Nazarenko (2010):
(6 waves) (effective 4 wave theory )
i1/5 /3 E ()= C Ak el w STE
E (k) = Cy 17/ NV TIN2/3 |5/3 7 - Ak?
= In({/a) Cin = 0.304

eKivotides,Vassilicos, Samuel, Barenghi PRL 2001
oE. Kozik & B. Svistunov. PRL 2004

a (wave-turbulence) +L'vov & Nazarenko JETP 2010
" *Boue et al PRB 201 |
controve I”S)’- ° e[ aurie and Baggaley PRE 2014

*many others works....

Vinen et al.: Ecp (k) ~ 1

(PRL 2003, ). Phys.: Condens. Matt. 2005)



Kelvin-wave cascade

Numerical simulations

We consider a perturbed straight vortex:

Biot-Savart dynamiCS'

T [ds(¢) x <s<c>—s<c>>
S(6) = Eﬁg s(C) — (¢

Non-local equation, needs to be regularised, dissipation
is added in an ad-hoc manner

2
Gross-Pitaevskii dynamics: ihz—w — ; VY + glv |2,
t m

3D PDE but everything is regular. Effective dissipation is
provided by acoustic emission.

One gets ¢(z,y, 2,t) but we need a filament s(z,?)



Tracking vortices

1.9

B r(z,t) =

¢(5L) Y <y t) =0 Newton+meth0d (Z t) 1:
Fourier interpolation Y\ = 1:5_

G. Krstulovic s

PRE 86, 055301 (R), (2012)

tracking /\ ‘“

o
y
/ ! / 7 /
(o] w < wm (Q\}

|sosurface Tracked lines

* Highly accurate (spectral precision)
* Geometry independent
* Arbitrary number of objects

A.Villois, G. Krstulovic, D. Proment and
H. Salman. J. Phys. A (2016)




Superfluid turbulence

energy Classical (Kolmogorov) . . Kelvin wave cascade vortex core
inter-vortex distance &

Injection turbulence vortex reconnections Slz€

sound emission

l Is the Kelvin wave cascade relevant for a
turbulent tangle?




Quantum turbulence

Kelvin waves in a turbulent tangle

A.Villois, D. Proment and
2 G. Krstulovic. PRE 2016

Kelvin waves

A.Villois, G. Krstulovic, D. Proment and
H. Salman. J. Phys. A (2016)




Quantum turbulence

Kelvin wave cascade

; N A.Villois, D. Proment and nk — ‘ RKW (k) ‘
P 1. G. Krstulovic. PRE 2016 ;
, a) 10 . .
NS &\ "
10"
U
~ ¢ 1]
o g 5 10 -t =0
: f -1t =4
10° H ot =7
——t =17
A 107 H-e-t =95
107
b)
: 10°+ :
weak wave turbulent cascade, the whole 100 L :
leading to Kolmogorov turbulence. L2
~ B i
10-4 — I N — 11/3
5 i - - ags =17/5
Lvov & Nazarenko (JETP 2010): —
(non-locality of energy transfer, 4 waves) 107°F

B, ~ k=53 ny ~ k3




Quantum turbulence

Strong turbulence Non-local high-order nonlinearity GP

Kolmogorov scaling for — By,
the energy spectrum (K41) 10-2 ——— }5/3
E(k) — CK€2/3k—5/3 3
10~
kg << k <k, = >
2 S :
&y 10 2
X
Weak wave turbulence | £
1072+ Kolmogorov 9 .
K?]Ivin wave scaling for (classical) cascade g Kelvin wave cascade
the energy spectrum =
107045 10-1 100
E(k) ~ e V13 =437, =513 10 10 10
k . .
< 10243 grid points

ky < k < kg

Simultaneous observation of
two cascades

Experiments: Maurer et al. (1998), Salort et al. (2010), Tang et al. (2021), ...
Simulations in GP: Nore et al. (1997), Kobayashi et al. (2005), Clark di Leoni et al. (2017), ...

Simulations in vortex-filament method: Baggaley et al. (2012), ... 29 Miuller & Krstulovic - PRB (2020)



https://gkwork.slack.com/files/UQH1TD4EB/F015L4GGT43/incompressible_spectra1024.pdf?origin_team=T90BUHR33&origin_channel=DQF620EL8

Quantum turbulence

Initial condition Turbulence

k L/¢ € Z/L
----- 2 341 0.01 0.412 | —» Local
— 2 171 0.01 0.494
e 2 341 0.01 0.255

3 341 0.02 | 0.235 Rotons
—— 4 341 0.03 0.227
— 2 683 0.01 0.139

E(k) — CK€2/3k—5/3

Kolmogorov
spectrum

Kelvin wave
spectrum

30

Energy spectrum compensated by Kolmogorov spectrum

i (K)e22kP

Energy spectrum compensated by Kelvin wave spectrum

én(k)6_1/354/3l£_1/\_1\112/3k5/3

—_
S
—_

101

—_
-
-

Local
G030, ...
;\\ \ //“~ \’/
NQ\v'4

,J/ V2 T

Muller & Krstulovic - PRB (2020)




Yortex reconnections

Experiments in water Numerical simulations Numerical simulations of
of classical fluids superfluids

t—1t, = —40.586 7

= ==

Kleckner & Irvine. Nature . . Gross-Pitaevskii model
Navier-Stokes equations
Phys. 2013

Ideal for a theoretical description! § <R



Minimal vortex distance

Dimensional analisys: £ :vortex core size  §: minimal distance R :system size

between vortices
j’{ v-db ¢« i< R
— »




Minimal vortex distance

Analytic calculations § :vortex core size

d : minimal distance

between vortices

R :system size

()< ¢ w(x)~ 0

I = %V - df Very close to reconnecting vortices:
L2
=7 z
o 0P h" o
Nazarenko & West, |LTP (2003): ih = T VY + g™,

. hyperbolae

. N

(X, 1) = e

(t—t)V?

/" %(x,y,Z) = I+ i(CZZ+ﬁX2 _yZ)

W (X)



Minimal vortex distance

Analytic calculations ¢ :vortex core size  §:minimal distance R :system size

between vortices
| V - dﬁ

Previous works reported different exponents:

Zuccher et al Phys Fluids (201 3)
Allen et al. PRA (2014)
Rorai et al. JFM (2016)




Quantum vortex filaments

A.Villois, GK and D. Promen
4 Stu CI)’ CaSes Phys. Rev. Fluids 2, 04470 (20?7)
Perpendicular Antiparallel Trefoil knot Tangle
a.1) b.1) c.1)

a.2)



Separation rates

a.l) c.1)

A.Villois, GK and D. Proment
Phys. Rev. Fluids 2,044701 (2017)

N

™

a.l) Perpendicular b.1) Antiparallel c.1) Trefoil knot
10 - 20 - 15 . .
3 ——0 (1) —~—0 (1) ——0 (1)
=307t (¢) - |07 (1) ——071(t)

< 6 |

= 4
21
0
-5

10° 102 107 10°
it —t.|/7



Geometry of reconnections

¥ AT > A vortices separate
faster than they approach

~ - Linear (Schrodinger equation) theory:

A_l_ |mportant 3 A+/A_ controls curvature, torsion and
approach angle:

A+ BT
AN

y/C

A.Villois, GK and D. Proment
Phys. Rev. Fluids 2,044701 (2017)




Quantum vortex reconnections

// P Hopf-link rink

REVIEW
LETTERS

b ciatay 16 Ocrosex 2020

Villois, Proment and Krstulovic
PRL 128,164501 (2020)

More than 40 reconnections

P> Trapped BEC. Galantucci/e/taIfP/NAS (2019)
%V Villois etal. PRFluids (2017)
@ Villois eral. PRL (2020)

Biot-Savart analytical calculation A~ ~ 0.45

Same behaviour in Navier-Stokes | x

////// g —: 5r Q:k P e® oo

0.5 1 1.5 2 2.5
Ay




QUANTUM VORTEX RECONNECTIONS
Sound emission and irreversibility

Quantum vortex reconnections. Irreversibility and sound emission.
Krstulovic & Proment YouTube video : https://youtu.be/OhKUOVS5irGl



Quantum vortex reconnections

Numerical measurements

2) 0.015 , , , Vortex separate faster Eneltgy & sent away
Energy of “waves” M
38 0.01 "
o3 Energy Matching theory
E 0.005 radiated .
................................................. time
0 ' ' l / ’
-40 -20 0 20 40 f _
| (t —t,)/7 '

Biot-Savart model Schrodinger equation Biot-Savart model

Analytical theory based on conservation of
momentum and energy

Proment and Krstulovic
PRFluids 5,704701 (2020)



Quantum vortex reconnections

A more general ansatz

bol@y,2) = 24+ L@ + %) +i(az + B2® - o)

A W—J W—J

------------------------------ torsion curvature
h(x,1) = €3V (x)

\
\

z/€

_ _ (tr —t)(a?(1 — B) — 27v) +as?(8 — )
\RLQ(S,IS) =(s, :|:\/ oy + 1) ;

(t —tr)(a?(B—1) —29%) —ay(B + 1)s?
(v + Da?

)

55 (t) = |RT(0,1) — R3 (0, 1) = V27 A™ [t — t,.|'/*

time

Biot-Savart model Biot-Savart model

Schrodinger equation

P = gjl{R_ x dR~ MOmentum P — 5 %R+ x dRT

B 2 7{ dR™| Energy Ef 2 7{ AR

AP = Pt — P~ AEByin = E5. — B
T 4

Proment and Krstulovic
PRFluids 5,704701 (2020)



Quantum vortex reconnections

Numerical measurements
a) 0.015

Matching theory

Energy of “waves”

time

3
5 0.01
~—
of:
L2 )
4 0.005
O |
240 20 and vortices separate faster than they approac _
| because is “Cheaper” Schrodinger equation Biot-Savart model
0.03 - =
5 0.02 P — - A Analytical theory based on conservation of
_‘-—.
< 001 ) momentum and energy:
é Allowed values |
La 0 ® GP data
-0.01 ——AL/Lyat A=0 |
' - —AL/Ly at A = oo : :
oo B i e ¥ Directionally of the pulse

C e a ¥Energy radiated and geometry

Proment and Krstulovic
PRFluids 5,704701 (2020)



QuantumVIW project
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Summary

VYortex reconnections

Kelvin waves

Superfluids Classical fluids Hyper-viscous fluids

Kelvin wave cascade

exists and is predicted by
the wave turbulence theory




