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Road map

Introduction

BECs, External trapping — controlling dimensionality
Motivation: physical experiments
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Reduced (ODE) dynamics for vortex clusters
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Road map

Introduction

BECs, External trapping — controlling dimensionality
Motivation: physical experiments

Vortex dynamics in a magnetic trap

Vortex precession & Vortex-vortex interactions
Reduced (ODE) dynamics for vortex clusters
Vortex dipoles (+, —) — the Spirograph

Vortex pairs (+, +) — Bifurcation analysis
Bifurcation in the actual experiment!!!
Dissipation — polaritonic BECs

Anisotropy — complex periodic orbits
Non-Eucliden geometries

Going 3D — Vortex rings (VRS)

VR — self-induced velocity

VR-VR interactions — Biot-Savart law
Leapfrogging dynamics of VRs

VR scattering (co-planar)
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Gross-Pitaevskii Eq.:

Close to T'= 0 BEC — Gross-Pitaevskii EQ.:
Loy | R

m(?t 2mv + Vexs (r) + g [9|7 | ¥,

Y(x,y, z,t): wavefunction,

4)|%: density,

N = [[[|¥|*dV: # of atoms,

nonlinear coeff: g = 4nh?a,/m, where a, scattering length:

as>0 : repulsive : (**Na, 8"Rb, H, *He, 8°Rb)— [DSs, vortices,
VRs, VLs]

a,<0 : attractive : (“Li, 3°Rb)— [BSs, Bose Nova]
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Gross-Pitaevskii Eq.:

Close to T'= 0 BEC — Gross-Pitaevskii EQ.:

Loy [ R, 2
ma— —%V + Vexs(r) + g [9|” | 9,

Y(x,y, z,t): wavefunction,
4)|%: density,
N = [[[|¥|*dV: # of atoms,

nonlinear coeff: g = 4nh?a,/m, where a, scattering length:

as>0 : repulsive : (**Na, 8"Rb, H, *He, 8°Rb)— [DSs, vortices,
VRs, VLs]

a,<0 : attractive : (“Li, 3°Rb)— [BSs, Bose Nova]

External potential: Ve (r) = 2mw?r? + Lmw?2?

w, > w, — 1D BEC — bright/dark solitons
w, > w, — 2D BEC — vortices
w, ~ w, — 3D BEC — vortex lines/vortex rings
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Vortex dynamics in

EXPERIMENTAL BECs
(David Hall's experiment)

[ ] [ ] [ ] L] L] (] ® ® L]
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Vortex precession
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t = 180ms
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Static vortex dipole
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Experimental BEC vortices: static vortex dipole




Periodic vortex dipole
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Experimental BEC vortices: periodic cycle

Coordinates in the trap (pum)




Vortex Spirograph
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Experimental BEC vortices: epitrochoidal motion




Vortex dynamics and

their interactions In
parabolically trapped BECs
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Vortex: a single one without external potential

Take solution with topological charge S:

u(,y,t) = R(r) €™ e~
Vortex radial profile satisfies:

1 1
( ——)R+—R’+—R”—R3:O
2r 2

t=0.0 (/15)

#hovie (ofif)]
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Vortex: precession in the magnetic trap (MT)

Precession frequency for a Wl
vortex inside a MT (V (r) = 10272 S Wpr = \C
at distance r from center. 1—

Rrp

Precession frequency close to center: wy, ~ wp,
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Vortex: precession in the magnetic trap (MT)

Precession frequency for a Wl
vortex inside a MT (V (r) = 10272 S Wpr = \C
at distance r from center. 1—

Rrp

Precession frequency close to center: wy, ~ wp,

t= 110 (/1000)

¥ 10
-20 movie (gif)
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Vortex interactions: pairwise dynamics

Opposite charge (vortex dipole) — run parallel to each other

t = 0.00 (/250) t = 250. (/250)

t = 0.000 (/200) . t = 200. (/200)

]
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Vortices: vortex-vortex interactions

Movement induced by phase gradient and density gradient [Matched
asymptotics — Kivshar+Pismen+...].

One vortex induces gradients on the other vortex — movement
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Vortices: vortex-vortex interactions

Movement induced by phase gradient and density gradient [Matched
asymptotics — Kivshar+Pismen+...].

One vortex induces gradients on the other vortex — movement

Gradient of vortex phase (vquiq o< V¢) is proportional to 1 /separation
and velocity is L to line joining other vortex:
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Vortices: vortex-vortex interactions

Movement induced by phase gradient and density gradient [Matched
asymptotics — Kivshar+Pismen+...].

One vortex induces gradients on the other vortex — movement

Gradient of vortex phase (vquiq o< V¢) is proportional to 1 /separation
and velocity is L to line joining other vortex:

o Syl_y2

L1 = — Wyort 02 22 3
19

L1 — L2

Y

: = + Wyor S
Y1 ort ~“2 QT%Q
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Vortices: vortex-vortex interactions

Movement induced by phase gradient and density gradient [Matched
asymptotics — Kivshar+Pismen+...].

One vortex induces gradients on the other vortex — movement

Gradient of vortex phase (vquiq o< V¢) is proportional to 1 /separation
and velocity is L to line joining other vortex:

. Yi — Y2
X1 = — Wyort SQ 27“2 )
12
. L1 — X2
Yy = + Wyort 5277
12
Superposition of N vortices: N
. . Wyort Ym — YUn
tm = Ty Z Sm ra
n#m
w . —x
ym _ vort Z S n
n;ém
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Vortex trajectories (no MT): PDE vs ODE
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Vortices in MT: reduced ODE dynamics

Let us add all contributions:
vortex precession inside MT + vortex-vortex interactions
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Vortices in MT: reduced ODE dynamics

Let us add all contributions:
vortex precession inside MT + vortex-vortex interactions

Reduced (and adim) ODEs for IV vortices in MT:
0

W o w
. . pr vort — Yn
bm = —Smy— 2 Z S,?
n#m
. wg wvort — In
Um =  Sm T T Zs e
n#m

Non/inear Dynamica/ Systems — SDSU Bridging Classical and Quantum Turbulence, Jul'23, Cargéese — p. 52/91



Vortices in MT: reduced ODE dynamics

Let us add all contributions:
vortex precession inside MT + vortex-vortex interactions

Reduced (and adim) ODEs for IV vortices in MT:
0

W o w
. . pr vort — Yn
bm = —Smy— 2 Z S,?
n#m
. wg wvort — In
Um =  Sm T T Zs e
n#m

Conserved quantities: Hamiltonian and angular momentum:

o N N N
o wpr ) Wyort 2
H = - 5 5_1 In(1 —r2)+ 1 g E SmSnIn(ry ),

n=1m#n
LQ = Z Sn’l“i
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Vortex dipoles inside MT:
OPPQOSITE charge pair:
S1=1& 59 =—1
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Experiments (David Hall) vs. theory
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Stationary (non-rotating) equilibria:

Equilibrium for diametrically

opposed (symmetric) vortices:

r o 2 Wyort
eq —
4 wgr _l_ Wyort
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Stationary (non-rotating) equilibria:

Equilibrium for diametrically

opposed (symmetric) vortices:
Wyort
eq — 2
r q \/4 wgr ‘|_ Wvort

Linearize around equilibria:

rotations with frequency:

. 3/2
weq = \/iwgr (1 -+ Vort)

0
4wy,
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Stationary (non-rotating) equilibria:

Equilibrium for diametrically

opposed (symmetric) vortices:
Wyort
eq — 2
r q \/4 wgr ‘|_ Wvort

Linearize around equilibria:

) &LCCCCCO

rotations with frequency:

3/2
Weq = ﬂwgr (1 4F Vort>

4 WY

Rotation frequecy around the equilibrium w.q > 0 = always STABLE !
[contrast with the same-charge vortex case]
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More experiments (David Hall) — the Spirograph

a)
) Qo O0
o)
. : s 8
C)
ik * B F-°
. L O

120 180

p—

In-trap radius (um)

0 o A N O N B~ OO
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Asymmetric co-rotating equilibria:
Consider diametrically opposed vortices but asymmetric wrt to the

center: z; = ry exp(iwgpt) @ANd 29 = —rg exp(iwerpt) WIth 71 > 7o,
Asymmetric co-rotating equilibrium positions:

1 1 W
0 vort

— = 0.
wpr(l—r%Jrl—r%) 21179
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Asymmetric co-rotating equilibria:
Consider diametrically opposed vortices but asymmetric wrt to the

center: z; = ry exp(iwgpt) @ANd 29 = —rg exp(iwerpt) WIth 71 > 7o,
Asymmetric co-rotating equilibrium positions:

1 1 W
0 vort

— = 0.
wpr(l—r%Jrl—r%) 21179

Rotating with freq:

o 1 0 1 T2
Worb = 9 [Wpr(a @) + YWvort (TZ Tl)] 9
where 1 1 1
=——, f=—>, and 7=
T re B 1 —r2 7 2r%,
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Asymmetric co-rotating equilibria:
Consider diametrically opposed vortices but asymmetric wrt to the

center: z; = ry exp(iwgpt) @ANd 29 = —rg exp(iwerpt) WIth 71 > 7o,
Asymmetric co-rotating equilibrium positions:

1 1 W
0 vort

— = 0.
wpr(l—r%Jrl—r%) 21179

Rotating with freq:

o 1 0 1 T2
Worb = 9 [Wpr(a @) + YWvort (TZ Tl)] 9
where 1 1 1
=——, f=—>, and 7=
T re B 1 —r2 7 2r%,

In co-rot frame: perturbs about equilibria result in rotating orbits.
— epitrochoidal motion (Spirograph) in the original frame !!!
— Generic motion: quasi-periodic epitrochoids.

Non/inear Dynamica/ Systems — SDSU Bridging Classical and Quantum Turbulence, Jul'’23, Cargése — p. 57/91



Motion about asymmetric equilibria: epitrochoids!

On the original (lab.) frame. Experiments:

R
S’
—

P
€
-
~—
(2]
=
O
i
Q.
©
—
T
=

In-trap radius (um
In-trap radius (um)
OO PR NONRAMOO OO

—
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Motion about asymmetric equilibria: epitrochoids!

On the original (lab.) frame. Experiments:

d) 6 ) 10,
—_ | e 8_
E ™ E 61
= _- ~— 4_
s % 3 2
8 o 8o
e 7 8 24
© ©
7 4 F 4
= 1 c
T 4 ~ b
J 8_
0_

On the co-rotating (w,,1,) reference frame:

9) h) - 0-
. -

_— 6' — i

— ] E 6_
E E‘; & = 4-
i 52 2 2
8 B o S 0]
o & 2- E i'_
- E 4 £ ]
6 8

8; 10-
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Vortex pairs inside MT:
SAME charge pair:
S1=1=5
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Adim. and transform to co-rotating polar coord.:

. . - a:‘,y) 0 o 1 Wyort
Adimensionalize: (X,Y) = ( =w  t, c=—
(X, Y) Rrp e 07 Wy

Transf. co-rot to polar: X,,=r, cosf,, Y, =r,sinb,, 4., = 0., — O,

CTp SIN Opyn

'm — — )
Tmn
R n 5 oy CCOSOpmp 1 1

" Tn 72, 1—1r2 1—12
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Adim. and transform to co-rotating polar coord.:

. . - a:‘,y) 0 - 1 wyort
Adimensionalize: (X,Y) = ( =w  t, c=—
(X, Y) Rrp e 07 Wy

Transf. co-rot to polar: X,,=r, cosf,, Y, =r,sinb,, 4., = 0., — O,

: CTp SIN Opyn
'm — - y

rmn
5 = (7"7277,_7"7%,) ¢ COS O, 1 1

" Tn 72, 1—1r2 1—12

Steady state is r1 = ro = r, (for ANY r,) and 6; — 65 = w, in co-rot:

C 1

272 U 1—17r2

Worb = (91 — (92 —

[wor, > 0 = 7 no-rotating equilibria — only ROTATING equilibria]
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Epitrochoids about SYMMETRIC rotating equilibria:

Perturbations about equilibria: r,, = r« + R,, and 6,,, = 7+ A,,

Eqgs on the pert.: -

q p Rm — _wgp (Rn — Rm) )
Ay = —wi (Am—Ay),
2 c? D 2c
T 1=
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Epitrochoids about SYMMETRIC rotating equilibria:

Perturbations about equilibria: r,, = r« + R,, and 6,,, = 7+ A,,

Eqgs on the pert.: -

9 P Ry = —wi (Rn—Rm),
Ay = —wi (Am—Ay),
2 c? D 2c
T ear

Ifre < Teric = 4/ ﬁf — = Epitrochoidal motion with freq we,.
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Epitrochoids about SYMMETRIC rotating equilibria:

Perturbations about equilibria: r,, = r« + R,, and 6,,, = 7+ A,,

Eqgs on the pert.: -

9 P Ry = —wi (Rn—Rm),
Ay = —wi (Am—Ay),
2 c? D 2c
T ear

Ifre < Teric = 4/ ﬁf — = Epitrochoidal motion with freq we,.

If ro > ree = INSTABILITY !
— What does it imply for dynamics ?

— Q: Can this be observed in experiment ???
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Bif. of equilibria vs. angular momentum: 2 vortices

Angular momentum Ly = % + r5 and tan ¢ = r3/r; (polar coord.)
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EXPERIMENTAL results:
hunting for the pitchfork

bifurcation (for N = 2)
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Bif. of equilibria vs. angular momentum: 3 vortices

Angular momentum Ly = r% + r3 + % and tan ¢ = r /7 (polar coord.)
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Bif. of equilibria vs. angular momentum: 4 vortices

Angular momentum Lo = 72 + 73 4+ 12 + 12




Back to EXPERIMENTS:
hunting for the pitchfork

bifurcation (for N > 2)

Nonlinear Dynamical Systems — SDSU



Bridging Classical and Quantum Turbulence, Jul'23, Cargéese — p. 68/91

- SDSU

Nonlinear Dynamical Systems



EXTENSIONS:

loss & gain
anisotropy

non-Euclidean geometries
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Dissipation (1" # 0) = Vortex outward spiralling.
Phenomenological dissipation (v > 0):
(i— )y = —%v% +V(r)u + [uftu.
Energy loss: 22 = —2v [[ |u:|2dz dy

_ r = _Swpry+’~>/ya
Yy = SWwpr T — Y X,
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Dissipation (1" # 0) = Vortex outward spiralling.

Phenomenological dissipation (v > 0):
1
(1 —y)uy = —§V2u + V(r)u + |[ul?u.
Energy loss: 22 = —2v [[ |u:|2dz dy

r = _Swpry%‘:}/ya
Yy = SWwpr T — Y X,

single vortex p=1.6, y=0.0023

Nonlinear Dynamica/ Systems —SDSU Bridging Classical and Quantum Turbulence, Jul'23, Cargése — p. 70/91



Polariton BECs = Loss + Gain — spiralling [Sanvitto].

Experimental results in (spinor) exciton(¢)-polariton(y)) condensates

0 1 : _

’L% = <—€§V2 — iy + |¢i|2+06|€/5q:\2> O+ +wWrPs

B Iy o .9\

Yo T <—§V2—W¢> Y +wR¢i+5(8Xiz(9Y> Y- + Fq,
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Anisotropy — complex periodic orbits

N vortices with positions (z;,y;) In an anisotropic trap

B Yi — Yk
: . 2 2 : Jj
j#k g
B T: — Tk
y — 2 . E ) R
Y = Skaxxk 9 ‘ Sj ,02k )
i#k 2

where p?, = (z; — 2x)” + (y; — yx)” and (after rescaling) Qu? = 1 and
ij =1+e.

TWO opposite charge vortices (dipole) — fixed points are:

: B . VB
B =+ 0,0.1,—-1) and B, =+Y"(1,-1.0,0).
00,141 =+ 0100

Reducing the system to a pendulum coupled to harmonic oscillator
= conserved quantities = approx Poincaré map for periodic orbits
= determination of ICs leading to complicated periodic orbits.
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Anisotropy — complex periodic orbits — ODE vs PDE
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Anisotropy — complex periodic orbits — ODE vs PDE
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Vortex dynamics in non-Euclidean geometries

pw=0.1 pw=0.3 pw=1 ©w=3

- -
- -

[movie]
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Vortex Rings in 3D BECs
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Physical Motivation

* VRs observed in (many)
experiments:

PRL 86 (2001) 2926. “Watching
Dark Solitons Decay into VRs in
a BEC”, B.P. Anderson et al.

Vortex Rings BECs
Side




Particle picture: NLS + Madelung = superfluid

NLS + Madelung transformation (v = /pe'?)

Def. v = V¢ — fluid velocity
NLS — Non-viscous Eulerian fluid + “quantum pressure”
Quant. press. « V=,/p/,/p — negligible away from vortex cores
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Particle picture: NLS + Madelung = superfluid

NLS + Madelung transformation (v = /pe'?)

Def. v = V¢ — fluid velocity
NLS — Non-viscous Eulerian fluid + “quantum pressure”
Quant. press. « V=,/p/,/p — negligible away from vortex cores

Let us borrow technology from classical fluids: Biot-Savart law:

1 wX') x (X=x") |
u,U(X) - 47_‘_/ |X_x/|3 dx? (3)

where w=vorticity and integral is computed over all of space.

Consider a vorticity tube with circulation « along a closed curve R
parametrized by /:

u,(x) (4)

& [sx(x—R(®)
Um% x—RO} ©
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Single VR — self-induced velocity

The Biot-Savart law diverges for self-induced velocity
— use local induction approximation (matched asymptotics)

— Self-induced velocity: ¢ ~ —% (ln — + Lo(m) — 1) :
radius: R, charge: m, core size (healing length): r.

Lo(m) ~ Lo(1) m—3/2: vortex core parameter (numerically)
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Particle picture: two VRs (V},,, = 0) — leapitrogging

MOVIE (gif)
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Particle picture: two VRs (V},,, = 0) — leapitrogging

Biot-Savart law & local induction approx:

Zz' i (hl SRZ — C) + aU

T AR, o kiR OR;’
: 1 oU
Ri - /{iRi 8Z27
where
| N N
U= . Z:Zl ;%iﬁj]ij,
and

R;R; cos 6 df

0 \/(Z@ — 75 4 B + R — 2R;Rj cos

Nonlinear Dynamical Systems — SDSU

MOVIE (gif)
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Leapfirogging of VRs: PDE vs ODE reduction
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LComputer simulations Leapfrogging of VR bundies [Barenghi et al., 2014]
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Adding Vi;,,= harmonic — Particle picture

naive approach;
— just add VR-VR and VR-V,,,, interactions
— it does NOT work :(

VR-VR interaction (see previous) — H canonical variables (r;, z;).
VR-V.,.p Interaction (pert./variational) H canonical var. (r;, z;).
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Adding Vi;,,= harmonic — Particle picture

naive approach;
— just add VR-VR and VR-V,,,, interactions
— it does NOT work :(

VR-VR interaction (see previous) — H canonical variables (r;, z;).
VR-V.,.p Interaction (pert./variational) H canonical var. (r;, z;).

Self-consitent approach
— add Hamiltonians !
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Adding Vi;,,= harmonic — Particle picture

naive approach;

— just add VR-VR and VR-V,,,, interactions

— it does NOT work :(
VR-VR interaction (see previous) — H canonical variables (r;, z;).
VR-V.,.p Interaction (pert./variational) H canonical var. (r;, z;).

Self-consitent approach
— add Hamiltonians !
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VR scattering scenarios: [Head-on movie] [Scattering movie]
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VR scattering angle (numerical results):
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VR scattering angle (numerical results):
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Recap / outlook

Reduced dyn. 2D vortices: experiment — PDE — ODE is very good!
Match/understand dynamics in experiment
Predict types of behavior: bifurcations
Dissipation, anisotropy, non-Euclidean geometries
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Recap / outlook

Reduced dyn. 2D vortices: experiment — PDE — ODE is very good!
Match/understand dynamics in experiment
Predict types of behavior: bifurcations
Dissipation, anisotropy, non-Euclidean geometries

Particle description for 3D VRs:

NLS — non-viscous fluid — Biot-Savart law:

» Self-induced velocity

» co-axial VR interactions — leapfrogging

» co-planar VR collisions — ~ elastic scattering

Reduced ODEs
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Recap / outlook

Reduced dyn. 2D vortices: experiment — PDE — ODE is very good!
Match/understand dynamics in experiment
Predict types of behavior: bifurcations
Dissipation, anisotropy, non-Euclidean geometries

Particle description for 3D VRs:

NLS — non-viscous fluid — Biot-Savart law:

» Self-induced velocity

» co-axial VR interactions — leapfrogging

» co-planar VR collisions — ~ elastic scattering

Reduced ODEs

Outlook and work in progress:

Vortices in non-Euclidean geometries (elliptical torus — chaos!)
VR interactions for general angles

Introduce internal Kelvin modes (— changes in self-velocity)
Generalizations to two-component BECs

Connect with experiments
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END ...

Mercl !
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BECs: Theory and Experiment [Springer, 2008]

Springer Series on Atomic, Optical and Plasma Physics 45

P. G. Kevrekidis

D. ). Frantzeskakis

R. Carretero-Gonzélez

Editors

Emergent Nonlinear Phenomena in Bose-Einstein Condensates
Theory and Experiment

Panayotis G. Kevrekidis
Dimitri J. Frantzeskakis
Ricardo Carretero-Gonzalez
Editors

'Sp7 Z3|eZU0D-0I3)UIR)
SIEYSIZIURI - SIPHRIADY

SPRINGER SERIESON ATOMIC OPTICAI. AND PLASMA PHYSICS

This book, written by experts in the fields of atomic physics and
nonlinear science, consists of reviews of the current state of the art at
the interface of these fields, as is exemplified by the modern theme of
Bose-Einstein condensates. Topics covered include bright, dark, gap
and multidimensional solitons; vortices; vortex lattices; optical lattices;
multicomponent condensates; manipulation of condensates; mathematical
methods/rigorous results; and aspects beyond the mean field approach. A
distinguishing feature of the contents is the detailed incorporation of both
the experimental and theoretical viewpoints through subsections of the
relevant chapters.

3-540-7

783540173590

springer.com

@ Springer
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DARK Book [SIAM, 2015]
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Textbook [OUP, 2023]

Nonlinear Waves & Hamiltonia

h Systems:

From One To Many Degrees of Freedom,
From Discrete To Continuum

Tres amigos:

Ricardo Carretero-Gonzalez
Dimitri Frantzeskakis
Panos Kevrekidis

Topics:
KdV (inc. KP)

Klein-Gordon, Sine-Gordon, ¢* Models
NLS (inc. GPE)
Discrete Models (KG, DNLS, FPU)

Target audience: advanced UGs + Grads
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NLDS: Nonlinear Dynamical Systems @ SDSU

http://nlds.sdsu.edu/ [Graduate Programs]

MS in Appl. Mathematics with concentration in Dynamical Systems.

Fall Year 1:

MATH-538 : Dynamical Systems & Chaos |
MATH-636 : Mathematical Modeling
MATH-693A : Numerical Optimization

Spring Year 1:
MATH-531 : Partial Differential Equations

MATH-638 : Dynamical Systems & Chaos Il
MATH-693B : Numerical PDEs

Fall Year 2:

MATH-635 : Pattern Formation
MATH-639 : Nonlinear Waves
MATH-797 : Research

Spring Year 2:
MATH-799A : Thesis — Project
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